ABSTRACT. Let a be an ideal of a commutative Noetherian ring R and M and N two finitely generated R-modules. Let cd a (M, N) denote the supremum of the i's such that H i a (M, N) = 0. First, by using the theory of Gorenstein homological dimensions, we obtain several upper bounds for cd a (M, N) . Next, over a Cohen-Macaulay local ring (R, m), we show that
INTRODUCTION
Let R be a commutative Noetherian ring with identity. The notion of generalized local cohomology was introduced by Herzog in his Habilitationsschrift [He] . Let a be an ideal of R and M and N two R-modules. The ith generalized local cohomology module of M and N with respect to a is defined by H i a (M, N) := lim − → n Ext i R (M/a n M, N). Henceforth, we assume that M and N are finitely generated. In [B, Proposition 5.5] , it is shown that the least integer i such that H i a (M, N) = 0 is equal to grade(Ann R (M/aM), N). We denote the supremum of i's such that H i a (M, N) = 0 by cd a (M, N) and we abbreviate cd a (R, N) by cd a (N). In Section 2, we explore interrelations between generalized local cohomology modules and homological Gorenstein dimensions. This direction of research was motivated by Sazeedeh's work [Sa1] , which implies that local cohomology modules can be computed by Gorenstein injective resolutions. Here, we will apply the Here Gid and Gpd stand for Gorenstein injective and projective dimensions, respectively.
Also pd N M := sup{pd R p M p : p ∈ Supp R M ∩ Supp R N} and Gpd N M := sup{i ∈ N 0 : Ext i R (M, N) = 0}, with the usual convention that the supremum of the empty set of integers is interpreted as −∞. As an application of these bounds, one can improves [HZ, Theorem 3 .2] and Theorem 3.1 and Lemma 5.4 in [CH] , see Corollary 2.6 below.
Let (R, m, k) be a local ring. Grothendieck's non-Vanishing Theorem implies that cd m (N) = dim N. But, not much is known about cd m (M, N). In [HZ] , the class of finitely generated R-modules L for which cd m (L, N) = depth N is investigated. In this paper, we intend to compute cd m (M, N), when either projective dimension of M or injective dimension of N is finite. Note that we have to impose these assumptions on M or N, because otherwise cd m (M, N) might be infinite. To realize an easy example, suppose that M has infinite projective dimension. Then H i m (M, k) ∼ = Ext i R (M, k) is non-zero for infinitely many i. Now, let R be Cohen-Macaulay and suppose that either projective dimension of M or injective dimension of N is finite. In Section 3, we show that
Then as an immediate application, we will compute the set of attached prime ideals of the Artinian R-module H d a (M, N) . More precisely, we show that
This enables us to establish an analogue of the Hartshorne-Lichtenbaum Vanishing Theorem for generalized local cohomology modules to the effect that the following are equiv-
iii) For any integer l ∈ N, there exists an n = n(l) ∈ N such that
(Here for an Artinian R-module A, we use < m > A for denoting the submodule ∩ i∈N m i A.)
SOME UPPER BOUNDS FOR cd a (M, N)
We start this section by introducing the notions of relative projective dimension and of relative Gorenstein projective dimension for a pair of finitely generated R-modules. But, first let recall some definitions from the theory of Gorenstein homological dimensions.
The theory of Gorenstein homological dimensions was initiated by Enochs and Jenda in 1995, see [EJ] . An R-module N is said to be Gorenstein injective if there exists an exact sequence
and that Hom R (I, I • ) is exact for all injective R-modules I. Also, an R-module N is said to be Gorenstein projective if there exists an exact sequence By [Ho, Corollary 2.21] 
In view of this, our second definition below might seem to be rational. Definition 2.1. Let M and N be two finitely generated R-modules. We define projective dimension of M relative to N by
Also, we define Gorenstein projective dimension of M relative to N by
Note that the above mentioned result of Holm indicates that if Gpd M < ∞, then Gpd R M = Gpd M. For sake of completeness, we collect all needed properties of these newly defined notions in a lemma.
Lemma 2.2. Let M and N be two non-zero finitely generated R-modules.
Proof. i), ii) and iii) follow immediately by the definitions.
Over a local ring T, for any two non-zero finitely generated T-modules M and L, [Mat, 
v) and vi) follow by [Ho, Theorem 2.20] and [Ho, Theorem 2.22] , respectively.
vii) It is obvious that each module Ext N) ), and the conclusion follows. viii) For any two finitely generated R-modules X and Y with Supp R X ⊆ Supp R Y, [DNT, Theorem 2.2] implies that cd a (X) ≤ cd a (Y). Let Z be a finitely generated Rmodule. Since Z and ⊕ p∈Ass R Z R/p have the same support, it follows that
Now, the claim becomes clear in light of part vii). ix) By [I, 2.6] , it follows that sup{i ∈ N 0 : Ext
Since id R N < ∞, it turns out that id R p N p < ∞ , and so R p is Cohen-Macaulay. Hence, it follows by ix) that
xi) is the main result of [T] .
Example 2.3. There exist a non-Gorenstein Artinian local ring (R, m) and a finitely generated R-module M, which is not Gorenstein projective such that Hom R (M, R) = 0 and Ext
For a concrete realization of this example, we refer the reader to [JS, Theorem 1.7] .
We need the following lemma in the proof of Theorem 2.5 and Corollary 2.6 below. It generalizes [HZ, Lemma 3 .1].
Lemma 2.4. Assume that M and N are non-zero finitely generated R-modules such that
Gpd N M < ∞. Then obviously dim Ext i R (M, N) ≤ dim(M ⊗ R N) + Gpd N M − i for all i. Moreover, if the assumption Gpd N M < ∞ replaced
by any of the following stronger assumptions, then dim Ext
ii) id M and Gid N are finite.
iii) id N is finite.
For a while, we assume that R is local. By [AB, 3.7] , if Gpd M < ∞, then Gpd M = depth R − depth M. By [KTY] (, respectively [Mat, Theorem 18 .9]), if Gid N (, respectively id N) is finite, then Gid N (, respectively id N) is equal to depth R. Also, by the Auslander-
Hence in view of Lemma 2.2, each of the conditions i), ii), iii) and iv) implies that Gpd N M ≤ depth R. But for any p ∈ Supp R M ∩ Supp R N, all of the conditions i), ii), iii) and iv) are preserved under localization at p. Thus, for any such prime ideal p, each of the conditions i), ii), iii) and iv) implies that Gpd N p M p ≤ ht p.
Assume one of the conditions i), ii), iii) and iv) holds and let
Now, in view of the first assertion, the proof is complete.
Let a be an ideal of R and M a finitely generated R-module of finite dimension
The second assertion of the following result might be considered as a generalization of these facts to generalized local cohomology modules.
Theorem 2.5. Let a be an ideal of R and M and N two finitely generated R-modules such that p
Proof. First of all, we claim that H i a (Hom R (M, E)) = 0 for any injective R-module E and all i ≥ 1. Since any injective R-module decomposes into a direct sum of indecomposable injective R-modules, we may and do assume that E = E R (R/p), for some prime ideal p of R. (Note that the functor H i a (·) commutes with direct sums, and as M is finitely generated the functor Hom R (M, ·) also commutes with direct sums.) Since [R, Theorem 11.38] , one has the following Grothendieck's spectral sequence
Hence for each n ∈ N 0 , there exists a chain 
Clearly, c ≤ d and in view of the first assertion of the theorem, we may and do assume that N) ) is finite.
In the above argument, we used the first assertion of Lemma 2.4. Slightly modifying it in the light of the second assertion of Lemma 2.4, concludes the following corollary. It is worth to mention that this corollary improves Theorem 3.1 and Lemma 5.4 in [CH] . It also generalizes [HZ, Theorem 3.2] . iii) id N is finite.
Among other things, Theorem 2.5 says that cd a (M, N) ≤ Gpd N M + cd a (M ⊗ R N). As the following corollary indicates, in some cases the equality holds.
Corollary 2.7. Let a be an ideal of R and M and N two finitely generated R-modules. N) ) for all i, and consequently cd a (M, N) 
iii) If R is local, id N < ∞ and M maximal Cohen Macaulay and faithful, then cd a (M, N) = cd a (N).
iii) Lemma 2.2 ix) yields that Gpd N M = 0, and so by the proof of i), we have the
For two finitely generated R-modules M and N, Theorem 2.5 implies that if Gpd N M < ∞, then cd a (M, N) < ∞ for all ideals a of R. The second part of the next corollary indicates that the converse is also true. N) is a-torsion for all i. Hence, the spectral sequence
Corollary 2.8. Let M and N be two finitely generated R-modules.

i) Let a be an ideal of R such that Supp
R M ∩ Supp R N ⊆ V(a). Then H i a (M, N) ∼ = Ext i R (M, N) for all i ∈ N 0 . ii) Gpd N M < ∞ if
Proof. i) Since
collapses at i = 0, and so
for all n.
ii) The "only if" part follows by Theorem 2.5. For the converse, let a := Ann R (M ⊗ R N). Then by i), we have Ext
Sazeedeh [Sa1] has proved that local cohomology modules of an R-module N can be computed by Gorenstein injective resolutions of N. Also, he [Sa2] 
Since N is Gorenstein injective, there exists an exact sequence 
Thus, we conclude the isomorphisms H 
Corollary 2.10. Let a be an ideal of R and M, N finitely generated R-modules such that either
Example 2.11. When Gpd M is finite, it is rather natural to ask whether H i a (M, N) can be computed by Gorenstein injective resolutions of N. This would not be the case. To see this, let (R, m, k) be a Gorenstein local ring which is not regular. Then Gpd k and Gid k are both finite, while
is non-zero for infinitely many i.
THE LOCAL CASE
In this section, for a pair (M, N) of finitely generated modules over a Cohen-Macaulay local ring (R, m), we compute cd m (M, N) provided that either pd M or id N is finite. We will end this section by proving an analogue of the Hartshorne-Lichtenbaum Vanishing Theorem in the context of generalized local cohomology modules. The main ingredients in our proofs are Suzuki's and the Herzog-Zamani Duality Theorems for generalized local cohomology modules. We start this section with the following useful result.
Lemma 3.1. Let a be an ideal of R an x an element of R. Let M be a finitely generated R-module and N an arbitrary R-module. There is a natural long exact sequence
· · · −→ H i a+(x) (M, N) −→ H i a (M, N) −→ H i aR x (M x , N x ) −→ H i+1 a+(x) (M, N) −→ · · · .
Proof. Let
Similarly, since the R x -module M x is finitely generated and I • x , the localization of I • at x, provides an injective resolution for the R xmodule N x , it turns out that H i
where the maps are the natural ones. Because of the natural isomorphism
we can deduce the following exact sequence of complexes
Its long exact sequence of cohomologies is precisely our desired long exact sequence.
Henceforth, we assume (R, m) is a local ring and M, N finitely generated R-modules. We intend to compute cd m (M, N) . First, we specialize Theorem 2.5 and Lemma 2.6 to the case a = m. N) . Hence, the first assertion is immediate by Theorem 2.5 and Corollary 2.6. Now, we prove the second assertion. We may choose x 1 , x 2 , . . . , x n ∈ R such that m = a + (x 1 , x 2 , . . . , x n ). Set a i := a + (x 1 , . . . , x i−1 ) for i = 1, . . . , n + 1. For each 1 ≤ i ≤ n, by Lemma 3.1, we have the following long exact sequence of generalized local cohomology modules
By Theorem 2.5 or Corollary 2.6, H d
most at m, and so
The key to the proof of Theorem 3.5 below is given in the following lemma. 
Proof. i) We first prove the claim for a = m.
Hence, it follows by the Auslander-Buchsbaum formula that
In particular, if R possesses a canonical module ω R , then depth M = depth(M ⊗ R ω R ). Now, we prove the claim for an arbitrary ideal a. Without loss of generality, we may assume that R is complete. It follows by [BH, Theorem 3.3.5 b) ], that for each prime ideal p, the R p -module (ω R ) p is the canonical module of R p . For any finitely generated R-module L, by [BH, Proposition 1.2.10 
ii) Since the set Ass R (M ⊗R ωR) (, respectively Ass R M) is precisely consisting of the contractions of elements of AssR(M ⊗R ωR) (, respectively AssRM) to R, we can assume that R is complete. Remember that by the first paragraph of the proof, depth M p = depth(M ⊗ R ω R ) p for all prime ideal p of R. But, for a finitely generated R-module L, one can check easily that p ∈ Ass R L if and only if depth L p = 0. This yields that Ass
iii) Since by [BH, Theorem 3.3 
Proof. Let f : R −→ T be a ring homomorphism and L a T-module. Because for any T-module K, we have Ann
Moreover, one can easily check that the Supp R N is precisely consisting of the contractions to R of the elements of SuppRN. Hence, we may assume that R is complete. [BH, Exercise 1.2 .27] and Lemma 3.3 ii), it follows that
Now, assume that id N < ∞. Then, by the Herzog-Zamani Duality Theorem,
Hence, from [BH, Exercise 1.2 .27] and Lemma 3.3 iii), it follows that
Now, we are ready to present the first main result of this section. 
Now, assume that id N < ∞. Then by the Herzog-Zamani Duality Theorem
Therefore, in view of Lemma 3.3 iii), the assertion follows by repeating the above argument.
Next, in the case R is a Cohen-Macaulay local ring, we improve the dimension inequal- 
by parts iv) and v) of Corollary 3.2. On the other hand, since pd M is finite, any M-
Example 3.7. In Theorem 3.5, the Cohen-Macaulayness assumption on R is necessary. To see this, let (R, m) be a non Cohen-Macaulay local ring and M, N finitely generated Rmodules. Suppose that M is Cohen-Macaulay and pd M < ∞. Recall that the height of an ideal a with respect to M is defined by ht M a := min{dim M p : p ⊇ a}. We have
In 
iv) dimR/aR + p > 0 for all p ∈ SuppRN ∩ AssRM.
Proof. i), ii) and iv) are equivalent by Theorem 3.8 and Corollary 3.9, while the equivalence of ii) and iii) follows by [DS, Corollary 2.5] .
